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We present a study of the attrative Hubbard model based on the dynamial mean eld the-
ory (DMFT) ombined with the numerial renormalization group (NRG). For this study the NRG
method is extended to deal with self-onsistent solutions of eetive impurity models with super-
onduting symmetry breaking. We give details of this extension and validate our alulations with
DMFT results with antiferromagneti ordering. We also present results for stati and integrated
quantities for dierent lling fators in the rossover from weak (BCS) to strong oupling (BEC)
superuidity. We study the evolution of the single-partile spetra throughout the rossover regime.
Although the DMFT does not inlude the interation of the fermions with the Goldstone mode, we
nd strong deviations from the mean-eld theory in the intermediate and strong oupling (BEC)
regimes. In partiular, we show that low-energy harge utuations indue a transfer of spetral
weight from the Bogoliubov quasipartiles to a higher-energy inoherent hump.
PACS numbers: 71.10.Fd, 71.27.+a,71.30.+h,75.20.-g, 71.10.Ay
I. INTRODUCTION
The Hubbard model of loally interating fermions
plays a fundamental role in the theory of ondensed mat-
ter physis and has beome a standard model to study
orrelated eletroni behavior. In its repulsive version
depending on interation strength and doping it displays
magneti instabilities suh as antiferromagnetism. How-
ever, there is also evidene
1,2,3,4
that there is a parameter
range where it possesses a strong instability in the pair-
ing hannel to d-wave superondutivity, whih makes
it a good andidate to desribe many important aspets
of the high temperature superondutors. Its attrative
ounterpart, the model with an onsite pairing term, has
a simpler phase diagram, as the ground state is an s-
wave superondutor. At half lling a degenerate harge
ordered state an also our. For eletrons in a solid
this model may seem inappropriate at rst sight, but one
an think of the loal attration between the eletrons as
mediated by a boson, for instane, a phonon or exiton,
where any form of retardation is negleted.
5
Indeed, the
Bardeen, Cooper, and Shrieer
6
(BCS) theory for su-
perondutivity uses a similar model with instantaneous
loal attration albeit with an energy (Debye) uto. In
ultraold atom experiments
7
the interations between the
fermioni atoms in an optial trap an be tuned by a
Feshbah resonane. For a broad resonane there exists
a regime where the eetive interation is well desribed
by a loal attration. Superuidity has been observed in
suh systems
7,8,9,10
, also in the ase where the fermions
are onned to an optial lattie
11
.
When tuning the interation in models of attrative
fermions, suh as the attrative Hubbard model, one has
two limiting ases, that of weak oupling BCS superu-
idity and the strong oupling Bose Einstein ondensation
(BEC) of preformed pairs. The theoretial understanding
whih has been developed over the years is that the prop-
erties, suh as the order parameter∆sc and the transition
temperature Tc to the superuid state, are onneted
by a smooth rossover, and approximate interpolation
shemes between these limits have been devised
12,13,14,15
.
Apart from its reent experimental realization for ultra-
old atoms in an optial trap
7,8,9,10
, there is experimental
evidene that this BCS-BEC rossover has also relevane
for strong oupling and high temperature superondu-
tors. It has been laimed that these superondutors
display properties in ertain parts of the phase diagram,
suh as the pseudo-gap, that an be understood in terms
of pairs, preformed above the transition temperature Tc,
in ontrast to the BCS piture, where the pairs no longer
exist above Tc.
5,16,17
Many aspets of the attrative Hubbard model have
already been investigated
5,18
. However, the dynami
response funtions have reeived fairly little theoretial
attention, and it is the preditions for these quantities
through the rossover that will be the fous of the present
paper. One partiular question onerns the fermioni
exitations in the one partile spetral funtions. These
are dominated by sharp Bogoliubov exitations in the
weak oupling limit. However, at strong oupling, when
the fermions are bound to pairs, we expet a derease
of the spetral weight arried by the Bogoliubov quasi-
partiles. In order to investigate in detail what happens
throughout the rossover a suitable approah to alu-
late dynami quantities is required. In situations where
the momentum dependene of the self-energy is not so
important, suh as in the Mott transition, the dynamial
mean eld theory (DMFT) has proven to be useful as lo-
2al interations an be treated very aurately. A variety
of methods suh as perturbation theory, quantum Monte
Carlo, as well as exat diagonalization (ED) and numer-
ial renormalization group (NRG) are ommonly used to
solve the eetive impurity model. Amongst these meth-
ods the NRG is one of the more suitable ones to al-
ulate low temperature spetral funtions. Sine it was
originally proposed by Wilson
19
, it has been developed
onstantly over the years.
20
The way of alulating spe-
tral funtions has been given a solid basis by the reent
approah
21,22
based on omplete basis set proposed by
Anders and Shiller
23
. So far the NRG has, however,
not been applied to self-onsistent DMFT alulations
with superonduting symmetry breaking. Here we will
show in detail how the method an be extended to this
situation and present results for the spetral funtions.
Some of the results have already been published in Ref.
24. DMFT studies for the attrative Hubbard model
based on other 'impurity solvers' have been arried out
in the normal phase
25,26
, and in the broken symmetry
phase
16,27,28
. There is also a reent study in two dimen-
sions with ellular DMFT
29
.
Our paper is organized as follows. The model and
DMFT-NRG approah are desribed in setion II. For
this alulation the DMFT-NRG approah has to be gen-
eralized to deal with the ase of a superonduting bath.
This generalization is desribed in detail in setion III.
There is a mapping from the negative U model to the
positive one when the lattie is bipartite. In the half
lled ase this mapping an be used to hek the results
for superondutivity with earlier DMFT-NRG alula-
tions with antiferromagneti order. The mapping and
omparison of the results is given in setion IV. In se-
tion V we ompare our results for stati and integrated
quantities, suh as the anomalous expetation value or
superuid density, with results based on other approx-
imations. Finally in setion VI we present results for
dynami response funtions. We fous on the features in
the one-eletron spetral density. Dynami suseptibili-
ties alulated with the method desribed here have been
reported in Ref. 24.
II. MODEL AND DMFT-NRG SETUP
The subjet of this paper is a study of the attrative
Hubbard model, whih in the grand anonial formalism
reads
H =
∑
i,j,σ
(tijc
†
i,σcj,σ + h.c.)− µ
∑
iσ
niσ − U
∑
i
ni,↑ni,↓,
(1)
with the hemial potential µ, the interation strength
U > 0 and the hopping parameters tij . c
†
i,σ reates a
fermion at site i with spin σ, and ni,σ = c
†
i,σci,σ. The
present alulations are onned to zero temperature,
however, an extension to nite temperature is possible.
To study superonduting order we an inlude an ex-
pliit superonduting symmetry breaking term,
Hsc = ∆
0
sc
∑
k
[c†k,↑c
†
−k,↓ + h.c.], (2)
with an external eld ∆0sc. In the superonduting ase
in Nambu spae the Green's funtion matrix is given by
Gk(ω) =
(
〈〈ck,↑; c†k,↑〉〉ω 〈〈ck,↑; c−k,↓〉〉ω
〈〈c†−k,↓; c†k,↑〉〉ω 〈〈c†−k,↓; c−k,↓〉〉ω
)
, (3)
where we use the notation for zero temperature retarded
Green's funtions for two operators A,B, 〈〈A;B〉〉ω :=
−i∫dt θ(t)eiωt〈[A(t), B] 〉 with the expetation value in
the ground state 〈. . . 〉. Upon inluding (2) the non-
interating Green's funtion matrix G0k(ω) has the form,
G0k(ω)
−1 =
(
ω − ξk ∆0sc
∆0sc ω + ξk
)
, (4)
where ξk = εk − µ. For the interating system we intro-
due the matrix self-energy Σk(ω) suh that the inverse
of the full Green's funtion matrix Gk(ω) is given by the
Dyson equation
Gk(ω)
−1 = G0k(ω)
−1 − Σk(ω). (5)
We employ the dynamial mean eld theory to analyze
the model (1). As eetive impurity model we onsider
the attrative Anderson impurity model in a superon-
duting medium,
HscAnd = Himp +
∑
k,σ
εkc
†
k,σck,σ +
∑
k,σ
Vk(c
†
k,σdσ + h.c.)
−
∑
k
∆k[c
†
k,↑c
†
−k,↓ + c−k,↓ck,↑]. (6)
where Himp =
∑
σ εdnσ − Un↑n↓ with nσ = d†σdσ and
dσ is the fermioni operator on the impurity site. εk, Vk
and ∆k are parameters of the medium . For the model
(6) the non-interating Green's funtion matrix has the
form,
G0(ω)
−1 = ω12 − εdτ3 −K(ω). (7)
K(ω) is the generalized matrix hybridization for the
medium, with diagonal part
K11(ω) =
∑
k
V 2k
ω + εk
ω2 − (ε2k +∆2k)
(8)
and odiagonal part,
K21(ω) =
∑
k
V 2k
∆k
ω2 − (ε2k +∆2k)
. (9)
For a self-onsistent numerial renormalization group
(NRG) alulation of an eetive impurity problem one
3has to (i) alulate the eetive impurity model param-
eters Vk, εk and ∆k in (6) from a given input funtion
K(ω) and (ii) map (6) to the so-alled linear hain Hamil-
tonian, to whih the iterative diagonalization of the NRG
an be applied. Due to the symmetry breaking the stan-
dard formulation
20
needs to be extended. The details
of how this an be ahieved are desribed in the next
setion.
In the ase with superonduting symmetry breaking,
the eetive Weiss eld is a 2 × 2 matrix G−10 (t). The
DMFT self-onsisteny equation in this ase reads
30
G−10 (ω) = G(ω)−1 +Σ(ω), (10)
with k-independent self-energy31. Hene, we use the
NRG to solve the eetive impurity problem for a given
medium K(ω) and alulate Σ(ω) as detailed in the ap-
pendix A.3. From this we an obtain the diagonal loal
lattie Green's funtion, whih for the superonduting
ase takes the form
G(ω) =
∫
dε
ρ0(ε)(ζ2(ω) + ε)
[ζ1(ω)− ε][ζ2(ω) + ε]− Σ21(ω)Σ12(ω) ,
(11)
where ρ0(ε) is the density of states of the non-interating
fermions and ζ1(ω) = ω + µ − Σ11(ω) and ζ2(ω) = ω −
µ− Σ22(ω). The odiagonal part is given by
Goff(ω) =
∫
dε
ρ0(ε)Σ21(ω)
[ζ1(ω)− ε][ζ2(ω) + ε]− Σ21(ω)Σ12(ω) .
(12)
We denote G11 = G, G21 = G
off
and G21(ω) =
G12(−ω)∗, G22(ω) = −G11(−ω)∗. These Green's fun-
tions an be olleted into the matrix G. Having al-
ulated the loal Green's funtion G the self-onsisteny
equation (10) determines the new eetive Weiss eld
G−10 (ω). We take the impurity model in the form (6),
and identify G0(ω) = G0(ω). Then from equation (7)
we obtain an equation for the eetive medium matrix
K(ω). In the alulations with spontaneous superon-
duting order we will always onsider the limit ∆0sc → 0
in equation (2), where a solution with superonduting
symmetry breaking will have bath parameters ∆k 6= 0
in the eetive impurity model (6). In setion IV we
ompare the results of our extended method with the
ones from a well-known antiferromagneti ase in order
to gauge the quality of the new sheme.
III. EXTENSION OF THE NRG FORMALISM
WITH SUPERCONDUCTING SYMMETRY
BREAKING
In this setion we give details for the extension of the
DMFT-NRG alulations with superonduting symme-
try breaking. We rst outline how to extrat the param-
eters of the impurity model from the medium funtion.
Then we disuss the mapping to the linear hain Hamil-
tonian with details in appendix A.1. This is a generaliza-
tion of the sheme for the normal ase
20
. In the appendix
A.3, we desribe the generalization of the alulation of
the self-energy via the higher order Green's funtions.
A. Parameters of the eetive impurity model
In the self-onsistent proedure the parameters of the
eetive impurity model have to be determined from the
input funtions of the medium K11 and K21, equations
(8) and (9). We start with the Hamiltonian in the form
(6) and hoose a disretization in the usual logarithmi
way to intervals Iαn , I
+
n = (xn+1, xn) I
−
n = −(xn, xn+1),
xn = x0Λ
−n
, haraterized by the parameter Λ > 1,
and x0 large enough to over nonzero spetral weight.
Following the normal disretization steps
20
retaining only
the lowest Fourier omponent yields
HscAnd = Himp +
∑
σ,n,α
ξαna
†
α,n,σaα,n,σ +
∑
σ,α,n
γαn (a
†
α,n,σdσ
+h.c.)−
∑
α,n
δαn(a
†
α,n,↑a
†
α,n,↓ + aα,n,↓aα,n,↑).(13)
We outline a proedure to obtain the parameters ξαn , γ
α
n
and δαn . For the disretized model (13) we nd similar
equations to (8) and (9),
K11(z) =
∑
n,α
γαn
2 z + ξ
α
n
z2 − Eαn 2
, (14)
K21(z) =
∑
n,α
γαn
2 δ
α
n
z2 − Eαn 2
, (15)
with Eαn =
√
ξαn
2 + δαn
2
. The imaginary parts ∆(ω) :=
−ImK11(ω + iη)/pi and ∆off(ω) := −ImK21(ω + iη)/pi
an be written as sums of delta funtions,
∆(ω) =
∑
n,α
γαn
2[u2n,αδ(ω − Eαn ) + v2n,αδ(ω + Eαn )],
∆off(ω) =
∑
n,α
γαn
2un,αvn,α[δ(ω − Eαn )− δ(ω + Eαn )],
where
u2n,α =
1
2
(
1 +
ξαn
Eαn
)
and v2n,α =
1
2
(
1− ξ
α
n
Eαn
)
,
(16)
with u2n,α + v
2
n,α = 1. We dene the spetral weights for
the delta funtion representation in the intervals Iαn by
wn,α =
∫
Iα
n
dω ∆(ω) and w¯n,α =
∫
Iα
n
dω ∆off(ω).
(17)
If we assume that Eαn ∈ Iαn , then the equations give for
α = +,
wn,+ = γ
+
n
2u2n,+ + γ
−
n
2u2n,−, (18)
w¯n,+ = γ
+
n
2un,+vn,+ + γ
−
n
2un,−vn,−, (19)
4and similarly for α = −. This leads to three independent
equations to determine the four sets of independent pa-
rameters γ+n
2
, γ−n
2
, un,+ and un,−. Hene, we are free
to hoose one of them, e.g. γ+n
2 = wn,+, from whih
follows diretly γ−n
2 = wn,−. We are then left with the
equations
wn,+ − wn,− = wn,+(u2n,+ − v2n,+) + wn,−(u2n,− − v2n,−),
(20)
and
w¯n,+ = wn,+un,+vn,+ + wn,−un,−vn,−. (21)
Using the equality
(u2n,α − v2n,α)2 = 1− 4u2n,αv2n,α, (22)
we an derive a quadrati equation for duv,α = u
2
n,α−v2n,α
with the solution
duv,+ =
[
2w¯2n,+(w
2
n,+ − wn,+wn,−) + w4n,+ +
wn,+wn,−(wn,+wn,− − 2w2n,+)
+4w¯2n,+wn,+
√
wn,+wn,− − w¯2n,+
]
/[
wn,+wn,−(wn,+wn,− − 2w2n,+) + w4n,+ + 4w¯2n,+w2n,+
]
By denition the parameters are then obtained from
δαn = 2un,αvn,αE
α
n , ξ
α
n = (u
2
n,α − v2n,α)Eαn . (23)
In the symmetri ase, wn,+ = wn,−, this simplies to
u2n,+−v2n,+ =
√
1− w¯
2
n,+
w2n,+
, 2un,+vn,+ =
w¯n,+
wn,+
. (24)
suh that
δ+n =
w¯n,+
wn,+
En, δ
−
n =
−w¯n,−
wn,−
En, ξ
α
n = α
√
1− w¯
2
n,+
w2n,+
En.
Apart from the ondition that it lies in the inter-
vals Iαn , E
α
n has not been speied, but it is reason-
able to take a value in the middle of the intervals, i.e.
Eαn = |xn + xn+1|/2 > 0. With this hoie all parame-
ters are speied numerially and the disrete model is
determined fully by the input funtions. It an be eas-
ily heked that this proedure simplies to the standard
proedure
20
in the ase without superonduting symme-
try breaking.
It is also useful to hek that in the ase of a mean eld
superondutor
32,33,34,35,36,37,38
the usual expressions for
the impurity parameters are reovered in this sheme.
For simpliity we assume ∆sc ≪ D in the following. Ex-
pression (A11) for the free impurity Green's funtion for
this model yields for the medium funtions analytially
for |ω| > ∆sc
∆(ω) =
Γ
pi
|ω|√
ω2 −∆2sc
(25)
and
∆off(ω) =
Γ
pi
∆sc√
ω2 −∆2sc
. (26)
With the desribed proedure one nds apart from a
small orretion the standard results for ξαn and γ
α
n . In
addition we obtain
δαn ≃ ∆sc
(
1 +
(Λ− 1)2
4
+ . . .
)
+O(∆3sc), (27)
where we used an expansion both in ∆sc and (Λ − 1).
Hene, in the ontinuum limit, Λ → 1, δαn = ∆sc omes
out orretly as the onstant mean eld gap parameter.
B. Mapping to the linear hain
The seond important step (ii) in the self-onsistent
NRG proedure is to map the disretized model (13) to
the so alled linear hain model of the form,
HAnd = Himp +
N∑
σ,n=0
εnf
†
n,σfn,σ +
N∑
σ,n=−1
βn(f
†
n,σfn+1,σ
+h.c.)−
N∑
n=0
∆n(f
†
n,↑f
†
n,↓ + fn,↓fn,↑), (28)
with f−1,σ = dσ and β−1 =
√
ξ0, with
ξ0 =
∑
n
(γ+n
2 + γ−n
2). (29)
As usual we dene the loalized state
f0,σ =
1√
ξ0
∑
n
(γ+n a+,n,σ + γ
−
n a−,n,σ). (30)
The orthogonal transformation between the two
Hamiltonians needs to be more general than in the stan-
dard ase sine with superonduting symmetry break-
ing we have superpositions of partiles and holes in the
medium. We hoose the following ansatz for the trans-
formation
fn,↑ =
∑
α,m
uα,nmaα,m,↑ − vα,nma†α,m,↓, (31)
and
f †n,↓ =
∑
α,m
vα,nmaα,m,↑ + uα,nma
†
α,m,↓, (32)
We an now derive the reursion relations for the matrix
elements and the parameters. This is done in generaliza-
tion of earlier work by Bulla et al.
39
and the details are
given in the appendix A.1. We nd for the parameters
of the linear hain Hamiltonian (28)
εn =
∑
α,m
ξαm(u
2
α,nm − v2α,nm) + 2δαmuα,nmvα,nm, (33)
5∆n =
∑
α,m
δαn(u
2
α,nm − v2α,nm)− 2ξαmuα,nmvα,nm (34)
and
β2n =
∑
n′,α
ξαn′
2(u2α,nn′ + v
2
α,nn′) + δ
α
n′
2(u2α,nn′ + v
2
α,nn′)
−ε2n − β2n−1 −∆2n (35)
The reursion relations for the transformation matrix el-
ements read
βnuα,n+1n′ = (36)
(ξαn′ − εn)uα,nn′ + (δαn′ +∆n)vα,nn′ − βn−1uα,n−1n′
and
βnvα,n+1n′ = (37)
(δαn′ −∆n)uα,nn′ − (ξαn′ + εn)vα,nn′ − βn−1vα,n−1n′ .
IV. COMPARISON WITH AFM DMFT-NRG
RESULTS
There is a anonial transformation whih maps the
attrative Hubbard model with arbitrary hemial po-
tential to a half-lled repulsive model with a magneti
eld
5
,
c†i,↓ = e
iq0Ribi,↓, c
†
i,↑ = b
†
i,↑,
ci,↓ = e
−iq0Rib†i,↓, ci,↑ = bi,↑, (38)
with q0 suh that e
iq0Ri
hanges sign from one sublattie
to another. At half lling the respetive states with bro-
ken symmetry, superondutivity (SC) and antiferromag-
neti (AFM) order, orrespond diretly to eah other.
Hene, the quality of our new method for the superon-
duting an be tested with well-known DMFT results
from the ase with antiferromagneti ordering
40,41
.
The mapping an be applied to map the orresponding
eetive impurity models of the two ases onto one an-
other and we give the details in appendix B. Here we use
the mapping (38) to relate the dynami response fun-
tions from the AFM and the SC ase, and we fous on
the integrated spetral funtions for the two alulations.
In the antiferromagneti ase in the DMFT study we usu-
ally use the A-B sublattie basis C†k,σ = (c
†
A,k,σ, c
†
B,k,σ),
GAFMk (ω) =
(
〈〈cA,k,↑; c†A,k,↑〉〉ω 〈〈cA,k,↑; c†B,k,↑〉〉ω
〈〈cB,k,↑; c†A,k,↑〉〉ω 〈〈cB,k,↑; cB,k,↑〉〉ω
)
.
(39)
where k is in the redued Brillouin zone as we have dou-
bled the Wigner-Seitz ell in position spae inluding two
lattie sites. The transformation from the attrative to
the repulsive model (38) yields
ck,↑ → cA,k,↑ + cB,k,↑, (40)
ck,↓ → c†A,k,↑ − c†B,k,↑. (41)
Sine we assume Néel type order the quantities of the
B-lattie are related to the A type lattie with opposite
spin. We nd
〈〈ck,↑; c†k,↑〉〉ω → GA,k,↑,↑(ω) +GA,k,↓,↓(ω)
+GA,k,↑,↓(ω) +GA,k,↓,↑(ω).
The loal lattie Green's funtion for the antiferromag-
neti Green's funtion is obtained by k-summation over
the redued Brillouin zone
∑
k →
∫
dε ρ0(ε)/2,
GA,↑,↑(ω) =
1
2
∫
dε ρ0(ε)
ζA,↓(ω)
ζA,↑(ω)ζA,↓(ω)− ε2 , (42)
where ζα,σ(ω) = ω + µσ − Σα,σ(ω). The odiagonal el-
ements vanish as produt of a symmetri and antisym-
metri funtion,
GA,↑,↓(ω) =
1
2
∫
dε ρ0(ε)
ε
ζA,↑(ω)ζA,↓(ω)− ε2 = 0. (43)
As a result, we an diretly relate the diagonal loal lat-
tie Green's funtion G11(ω) of the superonduting sys-
tem to the sublattie Green's funtions of the antiferro-
magneti system,
G11(ω) = GA,↑,↑(ω) +GA,↓,↓(ω). (44)
Similarly, one nds for the odiagonal Green's funtion,
G12(ω) = GA,↑,↑(ω)−GA,↓,↓(ω). (45)
The antiferromagneti order parameter ∆AFM = UmA,
mA =
1
2 (nA,↑ − nA,↓), is therefore diretly related to the
superonduting order parameter ∆sc = UΦ,
Φ = 〈c0,↑c0,↓〉 =
0∫
−∞
dω
(
− 1
pi
ImGoff(ω)
)
. (46)
The results in this setion are alulated with the Gaus-
sian density of states ρ0(ε) = e
−(ε/t∗)2/
√
pit∗ orrespond-
ing to an innite dimensional hyperubi lattie. We de-
ne an eetive bandwidth W = 2D for this density of
states via D, the point at whih ρ0(D) = ρ0(0)/e
2
, giv-
ing D =
√
2t∗ orresponding to the hoie in referene
42. We take the value W = 4.
In the following Fig. 1 we show the omparison of
the anomalous expetation value Φ (SC ase) with the
sublattie magnetization mA(AFM ase).
We an see an exellent agreement of the orresponding
expetation values from the two dierent alulations in
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FIG. 1: (Color online) Comparison of the anomalous expe-
tation value Φ in the attrative model with the loal magne-
tization mA in the AFM DMFT alulations for half lling.
all oupling regimes. In Fig. 2 we show the omparison
for Green's funtions for U = 1, 3, 6.
We an see that for the whole frequeny range the over-
all agreement of these spetral funtions is good. In the
weak oupling ase, U = 1, dierenes an be seen in the
height of the quasipartile peaks, whih are sharper and
higher in the alulation with superonduting order. In
ontrast, at strong oupling, U = 6, the peaks are a bit
broader and not as high as in the antiferromagneti solu-
tion. It should be mentioned that for large U DMFT-ED
alulations in the AFM state have revealed spin polaron
ne struture in the peaks
43
. These have so far esaped
NRG alulations with less resolution at higher energy,
but improved shemes might see this in the future. Gen-
erally, the results onvey the piture of a good agreement
for stati and dynami quantities for these two dierent
DMFT-NRG alulations.
V. RESULTS FOR STATIC AND INTEGRATED
QUANTITIES
Having tested the method at half lling we disuss
results for dierent lling fators in this setion. We
present results for stati and integrated quantities ob-
tained with the extended DMFT-NRG method. They
an be ompared to the quantities obtained with DMFT
alulations with other impurity solvers, like iterated per-
turbation theory (IPT)
27
or ED
16
. The semiellipti den-
sity of states with nite bandwidth 2D was used for all
the following alulations,
ρ0(ε) =
2
piD2
√
D2 − ε2, (47)
with D = 2t for the Hubbard model. t = 1 sets the
energy sale in the following. All the results presented
here are for T = 0. For many of the alulations we take
the model at quarter lling (n = 1/2) as a generi ase to
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FIG. 2: (Color online) Comparison of the spetral funtions
of SC-DMFT and AFM-DMFT alulations for U = 1, 3, 6
(top, middle, bottom) for half lling.
analyze. For the NRG alulations we use Λ = 1.6 and we
keep 1000 states at eah step. In the given units Uc = 2
is the ritial interation for bound state formation in
the two-body problem for the Bethe lattie
27
, and an
be referred to as unitarity in analogy to the rossover
terminology of the ontinuum system.
7A starting point for an analysis of many quantities in
the BCS-BEC rossover in the attrative Hubbard model
an be mean eld (MF) theory.
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For a given U and ll-
ing fator n the hemial potential µMF and the order
parameter ∆sc,MF = UΦMF is determined by the mean
eld equations. The fermioni exitations are given by
E0k =
√
(εk − µ¯)2 +∆sc,MF2 with µ¯ = µMF + Un/2. At
weak oupling the MF equations give the typial expo-
nential behavior for ΦMF, and for large U one nds
µMF ≃ −1
2
U, ΦMF ≃
√
n(2− n)
2
. (48)
If µ¯ is larger than the lower band energy (in our ase
−D = −2) then the minimal exitation energy is ∆sc,MF
and ours for εk = µ¯, whih usually applies for weak
oupling. For strong oupling and n ≃ 1 the minimal
exitation energy is also given by ∆sc,MF, whih is of
order U . However, for low density, n → 0, (48) yields
µ¯ → −U/2, whereas ΦMF and thus ∆sc,MF are small.
One µ¯ has beome smaller than the lower band energy,
the minimal exitation energy is still of order U asE0min =√
µ¯2 +∆2sc,MF = U independent of n. In the low-density
strong-oupling limit the exitation gap is given by µ¯
whih then orresponds to the energy of the two-fermion
bound state.
The mean eld spetral densities are given by
ρMFk (ω) = u
2
kδ(ω − E0k) + v2kδ(ω + E0k), (49)
ρMF,offk (ω) = ukvk[δ(ω − E0k)− δ(ω + E0k)], (50)
where u2k = (1 + (εk − µ¯)/E0k)/2, v2k = 1 − u2k. There
are two bands of quasipartile exitations given by ±E0k,
with weights u2k for partile-like and v
2
k for the hole-like
exitations with innite lifetime.
A. Behavior of the hemial potential
In Fig. 3 we plot our DMFT results for the hemial
potential µ as a funtion of U for dierent densities n.
We an see that in all ases the values tend to the mean
eld value of −U/2 for large U . The results are in agree-
ment with the ones reported by Garg et al.
27
, and as
seen there also to the mean eld values, whih we did
not inlude in the gure.
In the inset we show the quantity µ−Un/2, whih or-
responds to µ¯ in the mean eld theory. When the density
is low, e.g. n = 0.15, it is seen to interset with the lower
band edge −2 at intermediate interations, U ≃ 3.6.
Hene µ plays a role to determine the fermioni exi-
tation spetrum as disussed before. If its value does not
hange muh with temperature, and µ − Un/2 remains
smaller than −D, then no Fermi surfae exists above Tc,
and the system does not possess fermioni harater any-
more as fermions are bound to omposite pairs also above
Tc. For large U , µ ∼ −U/2 gives the binding energy.
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FIG. 3: (Color online) The hemial potential µ as a fun-
tion of U for dierent lling fators n. The inset shows the
quantity µ− Un/2.
B. Anomalous expetation value
One of the harateristi quantities of the superon-
duting state is the presene of a nite anomalous ex-
petation value Φ. The mean eld equation gives an ex-
ponential inrease for Φ at weak oupling, and a quan-
tity whih only depends on the density n (48) in the
strong oupling limit. In the attrative Hubbard model
the Tc inreases exponentially with U and then dereases
at strong oupling with t2/U due to the kineti term
for hopping of fermioni pairs. This is aptured in the
DMFT alulation, whih investigates the transition tem-
perature as a pairing instability from the two partile re-
sponse funtion.
25
We expet the anomalous expetation
value Φ in the strong oupling limit to be redued from
the mean eld value due strong phase utuations. This
is analogous to the redution of the antiferromagneti or-
der parameter in the Heisenberg model by (transverse)
spin waves. The latter are however not aptured within
our DMFT alulations in the state with broken symme-
try, and Φ inreases to a onstant as in the mean eld
theory, as an be seen in Fig. 4 for quarter lling.
The order parameter ∆sc,DMFT = UΦDMFT an, how-
ever, be interpreted as a high energy sale for pair forma-
tion then.
15
The DMFT results for ΦDMFT are obtained
by integration of the odiagonal Green's funtion as in
equation (46) or the stati expetation values alulated
in the NRG proedure, the results of whih are in very
good agreement. MF and DMFT results show qualita-
tively a very similar overall behavior. There is a substan-
tial redution of the value through the quantum utu-
ations inluded in the DMFT-NRG result, whih appear
most pronouned in the intermediate oupling regime,
near unitarity Uc = 2. However, also at weak oupling
there is already a orretion to the mean eld results. For
instane at U = 0.7 we nd ΦMF/ΦDMFT ≈ 2.58. This
is omparable to the redution found in the analysis of
Martín-Rodero and Flores
44
with seond order perturba-
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FIG. 4: (Color online) The anomalous expetation value Φ as
a funtion of U for n = 0.5. For omparison we have inluded
the results from DMFT-IPT extrated from Ref. 27 and the
dashed line gives the result for ΦMF.
tion theory. Below U = 0.5 the ordering sale is very
small, and we do not nd a well onverged DMFT so-
lution with symmetry breaking any more. In Fig. 4 we
have also inluded the results obtained by DMFT-IPT
27
,
whih are slightly larger but otherwise in good agreement
with our DMFT-NRG results.
C. Pair density
The ground state of the system is also haraterized
by the double oupany 〈n↑n↓〉 or average pair density.
The double oupany multiplied by U gives the expe-
tation value of the potential energy. At weak oupling
potential energy is gained in the symmetry broken state,
whereas at strong oupling kineti energy gain is usually
responsible for Bose Einstein ondensation. 〈n↑n↓〉 an
be alulated diretly from NRG expetation values. In
Fig. 5 it is plotted for dierent lling fators for a range
of interations.
In the non-interating limit it is given by (n/2)2, sine
the partiles are unorrelated and the probabilities n/2
to nd a partile with spin σ are just multiplied. In the
strong oupling limit all partiles are bound to pairs, and
the pair density is given by half the lling fator, 〈n↑n↓〉 =
n/2. This ontinuous rossover from the non-interating
to the strong oupling values an be seen for all densities
with the most visible hange in the intermediate oupling
regime ourring around Uc = 2.
D. Momentum distribution
On the mean eld level the weight of the quasipartile
peaks is given diretly by the fators u2k and v
2
k as seen in
equation (49). These fators also desribe the momentum
distribution nMFk = v
2
k. The orresponding DMFT result
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FIG. 5: (Color online) Average pair density 〈n↑n↓〉 as a fun-
tion of U for a number of dierent lling fators.
for the momentum distribution is given by the integral
over the diagonal Green's funtion,
nk =
0∫
−∞
dω [−ImGk(ω)]/pi. (51)
In Fig. 6 we plot the momentum distribution nk alu-
lated from (51) in omparison with the mean eld result
for n = 0.5.
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FIG. 6: (Color online) The momentum distribution alulated
from the k-dependent Green's funtion and ompared with
the MF result nMFk = v
2
k (dotted lines) for n = 0.5.
For small attration (U = 1) we an see that nk shows
the typial form known from BCS theory dropping from
one to zero in a small range around εk = µ − Un/2.
Therefore, some momentum states above µ − Un/2 are
oupied, but only in a small region of the size of the or-
der parameter. When U is inreased, the momentum dis-
tribution is spread over a larger range. In the BEC limit,
where the fermions are tightly bound and therefore very
loalized in position spae, we expet the momentum dis-
tribution to be spread due to the unertainty priniple.
9In all ases the sum rule 1/N
∑
k nk = n/2 is satised
numerially within an auray of about 1%. There are
visible quantitative deviation between MF and DMFT re-
sults, but they are fairly small. Our results omparable
well to the ones presented by Garg et al.
27
.
In the experiments in ultraold gases where the BCS-
BEC rossover is investigated the momentum distribu-
tion an be measured quite aurately. This has been
studied also in omparison with mean eld results by
Regal et al.
45
. Considering low densities for the lattie
system, and taking into that an additional broadening
would our at nite temperature, a qualitative agree-
ment of our results with the experiment an be found.
E. Superuid stiness
For a system in a oherent superuid state another
harateristi quantity is the superuid stiness Ds. It
is a measure of the energy required to twist the phase
of the ondensate, and therefore related to the degree
of phase oherene of the superonduting state. Usu-
ally, it is proportional to the superuid density ns, whih
is experimentally aessible via the penetration length.
Toshi et al.
16
have investigated the relation between Tc
and Ds in the attrative Hubbard model and found that
a linear saling relation, as in the Uemura plot, holds at
intermediate and strong oupling.
Ds an be alulated either from the weight of
the delta-funtion in the optial ondutivity or from
the transverse part of the urrent-urrent orrelation
funtion
16 χj⊥;j⊥(q, ω),
Ds = Ddia − χj⊥;j⊥(q → 0, ω = 0) (52)
The diamagneti term Ddia is essentially given by the
kineti energy,
Ddia = − 2
β
∑
n
∫
dεk ρ0(εk)εkGk(iωn), (53)
where Gk(iωn) is the Matsubara Green's funtion. In the
innite dimensional limit χj⊥;j⊥ redues to the bubble
of normal and anomalous propagators
16,46
. From this
and the relation −∂/∂εk[ρ0(εk)V (εk)] = ρ0(εk)εk and
integration by parts one nds that the diamagneti term
anels, whih yields
16
Ds =
4
β
∑
n
∫
dεk ρ0(εk)V (εk)G
off
k (iωn)G
off
k (iωn), (54)
where V (εk) = (4t
2 − ε2k)/3 for the Bethe lattie. We
an use the spetral representation,
Goffk (iωn) =
∫
dω′
ρoffk (ω
′)
iωn − ω′ (55)
and the Kramers-Kronig relations for the real and imagi-
nary parts of the Green's funtion suh that at zero tem-
perature Ds takes the form,
Ds = − 8
pi
∫
dεk ρ0(εk)V (εk)
0∫
−∞
dω ImGr,offk (ω)ReG
r,off
k (ω),
(56)
where Gr,off
k
(ω) is the retarded odiagonal Green's fun-
tion (5). We an evaluate the expression (56) using the
mean eld Green's funtion in the form (50), whih yields
the somewhat simpler expression
DMFs = 4
D∫
−D
dεk ρ0(εk)V (εk)
u2kv
2
k
E0k
. (57)
This expression an be evaluated in the limit U → 0,
∆sc → 0 as u2kv2k/E0k goes to a delta funtion then, and
hene Ds → 2ρ0(µ¯)V (µ¯).
In Fig. 7 the superuid stiness Ds alulated from
equation (56) is displayed as a funtion of U for quarter
lling. The dashed line shows the result as obtained from
equation (57), where the mean eld Green's funtions are
used to evaluate the integrals.
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FIG. 7: (Color online) The superuid stiness Ds as alu-
lated from the odiagonal Green's funtion in equation (56)
for n = 0.5. The dashed line gives the result for Ds, when
evaluated as in (57).
We an see that the results for Ds of DMFT and MF
alulation do not deviate very muh. The superuid
stiness is maximal in the BCS limit and dereases to
smaller values in the BEC limit. Ds is proportional to
the inverse of the eetive mass of the pairs mB ∼ U/t2,
and therefore expeted to derease like 1/U . The sys-
tem in this limit onsists of heavy, weakly interating
bosons, with less phase oherene. The results shown are
in agreement with the ones reported by Toshi et al.
16
.
Summarizing this setion, we see that our DMFT-NRG
results for hemial potential, stati and integrated prop-
erties at zero temperature are in good agreement with
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earlier alulations based on dierent impurity solvers. In
fat most of the results are in good agreement with mean
eld theory and quantitative deviations due to the utu-
ations inluded in DMFT are not very large. One ould
therefore argue that the main features are already fairly
well desribed by the simpler stati mean eld treatment.
In the next setion we will turn to spetral quantities. In
ontrast there ertain features like the distintion of o-
herent and inoherent exitations an only be desribed
when we go beyond the mean eld theory. Some of these
extra features found in the spetral resolution are lost
again when onsidering integrated quantities.
VI. SPECTRAL FUNCTIONS
In this setion we present our DMFT-NRG results for
the loal spetral density ρ(ω) and the k-resolved spe-
tra, ρk(ω) = −ImGk(ω)/pi, in the dierent parameter
regimes. Before disussing these results in detail, and
omparing them with those of Garg et al.
27
, we onsider
the dierent types of approximations used in the IPT
and NRG alulations. These are relevant in assessing
the two sets of results to arrive at a learer physial in-
terpretation.
The approximation used in the IPT is in restriting
the alulation to the seond order diagram for the self-
energy. This is evaluated using the Hartree-Bogoliubov
orreted propagator for the eetive impurity. If this
propagator has a spetral density with a gap Eg, then
imaginary part of the self-energy from this seond order
sattering term an only develop in the regime |ω| > 3Eg.
This threshold energy of 3Eg orresponds to the min-
imum energy for a fermion above the gap Eg to emit
a quasipartile-quasihole pair exitation. Therefore, in
the IPT the single-partile spetral funtions ρk(ω) have
isolated delta-funtion peaks orresponding to the Bo-
goliubov quasipartile exitations with minimal energy
Eg, together with inoherent ontinuous spetrum for
|ω| > 3Eg.
In applying the NRG approah to the eetive impu-
rity problem, approximations arise in using a disrete
spetrum for the ondution eletron bath. The spetral
funtions are alulated as Lehmann sums over delta-
funtion peaks, the positions of the peaks being de-
dued from the disrete many-body energy levels and
their weighting from the orresponding matrix elements.
This is also the ase for other methods using numerial
diagonalization suh as the ED (exat diagonalization)
method. To obtain a ontinuous spetral funtion these
delta-funtion peaks have to be broadened appropriately,
usually with a lognormal funtion with parameter b20. If
the broadening is too large ertain features blur, if it is
too small the spetral funtions has many spikes and is
diult to interpret. With suh a broadening proedure
it is diult to resolve sharp features suh as a gap in
the spetrum and hene an energy Eg. However, usually
an estimate of the gap an be made when the broaden-
ing is taken into aount. For all the previous results on
stati and integrated quantities we have used a onven-
tional broadening parameter b = 0.5, and the results for
these quantities depend very little on the broadening. In
this setion we use smaller values in order to avoid miss-
ing features whih an be lost with the larger broadening
parameter.
Another aspet of the NRG alulations that an lead
to some numerial unertainty is in the way the self-
energy is alulated. In equation (A15) it is shown how
the self-energy an be alulated from the matries of
the Green's funtion G and the higher Green's funtion
F . If one is interested in the values of ω for whih the
imaginary part of the self-energy vanishes then the whole
expression in equation (A15) has to be onsidered. As is
well known for NRG alulations for the Anderson im-
purity model
20
the ondition ImΣ(0) = 0 for the Friedel
sum rule an be reasonably well satised. However, ImΣ
is never exatly zero and numerial errors an often be
seen in small imaginary parts of the self-energy from this
proedure.
In Fig. 8 we present the NRG results for the loal spetral
density ρ(ω) and the real and imaginary parts for the
diagonal and odiagonal self-energies for U = 2 and U =
4. We see that ImΣ and ImΣoff are approximately zero
for a ertain range of ω for both for U = 2 and U = 4.
ImΣoff is an antisymmetri funtion, whih has peaks at
similar position as ImΣ. ReΣoff is a symmetri funtion
whih for large ω tends to the value ∆sc = UΦ of the
interating system (46) and for small ω an be interpreted
as a renormalized gap.
In the weaker oupling ase U = 2 we nd a trend sim-
ilar to the IPT in that ImΣ deviates appreiably from
zero only when |ω| > 3Eg. This an be seen on loser
inspetion of the top part of Fig. 8, where we estimate
Eg ≈ 0.25, and ImΣ > 0 for roughly ω > 0.75 (the wig-
gles for smaller ω are interpreted as inauraies). This
means that in the orresponding spetrum for ρk(ω) there
are isolated quasipartile peaks and a ontinuous inoher-
ent part in the spetrum for |ω| > 3Eg. The widths of
the quasipartiles peaks, however, will not be preisely
zero as in the IPT due to the very small imaginary parts.
In the spetrum for ρ(ω) and U = 2 shown in Fig. 8
there is a sharp peak due to the quasipartile exitations
in ρ(ω) just above the gap (see also Fig. 1 in Ref. 24).
This quasipartile band is very similar to the one based
on IPT presented in Fig. 3 in Ref. 27. In the IPT ase
there is a square root singularity at the gap edge whih
does not appear in the NRG results due to the small
imaginary part in the self-energies.
This piture hanges in the stronger oupling ase
U = 4. Here it an be seen the imaginary parts of both
the diagonal and o-diagonal self-energies develop a pro-
nouned peak whih falls within the region, Eg < |ω| <
3Eg. This leads to inoherent spetral weight in ρk(ω) for
|ω| < 3Eg. This is a dierene with the IPT results where
the imaginary parts of the self-energy are always zero for
Eg < |ω| < 3Eg and onsequently there is no inoherent
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FIG. 8: (Color online) The spetral funtions, imaginary and
real parts of the diagonal and odiagonal self-energies plotted
for U = 2 (top) and U = 4 (bottom) with b = 0.2, n = 0.5.
The dotted vertial line gives the peak position of the spetral
funtion, whih an be roughly identied with Eg.
part of the spetrum for ρk(ω) in the range |ω| < 3Eg.
An explanation for this dierene an be seen by exam-
ining what happens to the loal dynamial harge sus-
eptibility χc(ω) as U inreases. Results for χc(ω) for
U = 3, 4, 6 are shown Fig. 9. The exitation gap ∆c
in this spetrum an be seen to derease signiantly as
U inreases. In Ref. 24 it was found51 that at strong
oupling ∆c dereases like ∼ t2/U . In the weak oupling
ase ∆c ∼ 2Eg, but for strong oupling Eg inreases with
U , while ∆c dereases. Therefore, the ontribution to the
self-energy arising from the sattering with harge utu-
ations an, for larger U , generate a nite imaginary part
of the self-energy for Eg < |ω| < 3Eg. The loation of
the peak in ImΣ appears onsistent with suh an inter-
pretation. The same eet annot arise from sattering
with the spin utuations, as these have a larger har-
ateristi energy sale (of the order of U). For a further
disussion of the behavior of the harge and spin gap we
refer to Ref. 24.
The development of the peak in the imaginary part
of the self-energy in the range |ω| < 3Eg leads to a dip
in the loal spetral funtion ρ(ω) for U = 4 as an be
seen in Fig. 8. There is then a peak-dip-hump struture
in ρ(ω) for U = 4 (see also Fig. 11). This feature has
also been found in alulations for the attrative ontin-
uum model
47
. This behavior is not visible in the IPT
alulations (f. Fig. 3 in Ref. 27). The most likely ex-
planation is the restrition in the IPT to the seond order
diagram, whih does not allow for any renormalization of
the harge utuations.
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FIG. 9: (Color online) The imaginary part of the loal harge
suseptibility for U = 3, 4, 6 (b = 0.2). We nd strong exi-
tations orresponding to harge utuations there below the
respetive estimates of Eg ≃ 0.5, 0.9, 1.7.
We now onsider the eet of inreasing U on the quasi-
partile exitations whih an be seen in the results for
the spetral funtion ρk(ω) for U = 1 and U = 4 for quar-
ter lling shown in Fig. 10. For both ases, U = 1 and
U = 4, we an see a series of sharp quasipartile peaks
whih are most narrow in the region εk ≈ µ¯, whih is
also the point where the spetral gap is minimal. In the
latter ase U = 4 in addition we nd the hump with
inoherent spetral weight as disussed earlier for ρ(ω).
We have also added arrows whih indiate the position
of the quasipartile peaks ±E0k in mean eld theory (49),
and the height gives the spetral weight. We an see that
they desribe the position of the quasipartile exitation
well for U = 1. For the larger U ase the struture in
the spetral funtion is not so well aptured by the single
quasipartile peaks of the mean eld theory. The energy
of the quasipartile exitations dier markedly from the
mean eld predition and there is a signiant transfer
of spetral weight to the inoherent hump, in partiular
at high energy. The quasipartile band (weight and band
width) at low energy is, however, aptured on a qualita-
tive level by mean eld theory. The quasipartile peaks
for ρk(ω) always have a nite width sine our self-energy
is never stritly zero. One an infer the bands from the
12
−2 −1 0 1 2 3
−2
−1.5
−1
−0.5
0
0.5
1
1.5
2
ω
ε k
−5 0 5
−2
−1.5
−1
−0.5
0
0.5
1
1.5
2
ω
ε k
FIG. 10: (Color online) The εk-resolved spetral funtions
ρk(ω) for quarter lling in the BCS-limit, U = 1 (top), and
towards the BEC limit, U = 4 (b = 0.2) (bottom). The ar-
rows show the delta-funtion peaks of the mean eld solution
ρ0k(ω), where the height of the arrow indiates the weight of
the peak.
poles of the Green's funtion Ek and ompare them with
the mean eld bands ±E0k. For the weak oupling they
are in good agreement. Towards the BEC limit the ef-
fetive mass mB of a boson pair is of order U . This is
reeted in the smaller eetive band width for the ase
U = 4 (Fig. 10). The weight of the peaks in the full
spetrum ρk(ω) is in aordane with the height of the
arrows for ρ0k(ω). We an see that in the BCS limit (top)
the weight in the lower band dereases rapidly to zero
near εk = µ¯, whereas towards the BEC limit (bottom) it
spreads over a muh larger region whih orresponds to
what has been observed for momentum distributions in
Fig. 6.
In earlier work
24
the quasipartile properties were an-
alyzed in an expansion around the solutions Ek of the
equation ReGk(ω = Ek)
−1 = 0. This led to the Lorentz-
like quasipartile peak of the form
ρk(ω) = w+(Ek)
W (Ek)/pi
(ω − Ek)2 +W (Ek)2 , (58)
with width W (Ek) and weight w+(Ek). When a stan-
dard broadening of b = 0.5 is used one nds a nite width
of the peaks whih inreases in the rossover regime lead-
ing to a strongly redued life time of the quasipartiles.
In the more areful analysis here with smaller broaden-
ing and taking into aount possible errors in determin-
ing the self-energy we ome to the onlusion that this
is not generally orret. We should not expet a nite
imaginary part of the self-energy to appear for ω ≃ Eg
in a DMFT alulation whih does not inlude olletive
modes
52
.
Being aware of limitations in our numerial alula-
tions we investigate in more detail how the one-partile
spetra near the minimal spetral gap modify from weak
to intermediate oupling. Here we use a general sheme
in whih we analyze the peaks in the spetral funtion
diretly numerially and estimate the transfer of weight
from the quasipartile peaks to the inoherent part of
the spetrum. We take the peak position in ρk(ω) for
a given εk as the exitation energy E
ex
k , the full width
Fpeak at half maximum as the width and the weight is
determined by the integration over a region around Eexk
of 2Fpeak. Suh an analysis also applies to antisym-
metri peak forms, and is equivalent to the other one
for sharp Lorentz-like peaks. Note that a normalized
Lorentz peak with width ∆ (half width at half maxi-
mum) integrated from −2∆ to 2∆ yields the spetral
weight w2∆ = 2 arctan(2)/pi ≈ 0.705.
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FIG. 11: (Color online) The spetral funtions ρk(ω) for an
εk where the gap is minimal for quarter lling and U = 1− 4
(b = 0.2). The integration area, whih gives the weight of the
peaks is shown.
We have done suh an analysis for the εk-resolved spe-
tral funtions, where we onsider an εk suh that the
exitation gap is minimal. The orresponding spetral
funtions for U = 1−4 are displayed in Fig. 11. We have
inluded a line at half maximum for the width as well as
marked the integration area in the low energy peak. We
an see now very learly how the spetrum hanges from
one oherent quasipartile peak at weak oupling to the
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peak-dip-hump struture at intermediate oupling. This
is similar to what was found in the alulation for an at-
trative ontinuum model
47
, where a sharp quasipartile
peak with little weight is still present at strong oupling.
In our alulation the strong oupling limit is not easy
to analyze as we always have some nite imaginary part
of the self-energy leading to a nite width of the quasi-
partile peak, whih is partly spurious and tends to be
larger at large oupling. At strong oupling the exita-
tions our at higher energy and we have to redue the
broadening further, whih leads to a more spiky spe-
trum. It should be mentioned that if the broadening is
hosen larger (e.g. b = 0.5) then there is only one broad
peak in the spetral funtion.
The estimate of the weight of the quasipartile peak
wpeak extrated by integration is plotted in Fig. 12 as
a funtion of U . For weak oupling, U ≃ 1, we would
expet the mean eld result v2k(εk = µ¯) = 0.5. Due to
the redued integration range we nd wpeak ≈ 0.34, but
division by w2∆ gives a value lose to 0.5 .
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FIG. 12: The weight of the peak for spetral exitation as a
funtion of U for quarter lling.
Coming from weak oupling we nd a derease as spe-
tral weight is transferred to inoherent parts as seen be-
fore in Fig. 11. This resembles the results of Ref. 47.
As disussed before due to the unertainty about the
imaginary part of the self-energy at low frequeny the
behavior of the width Fpeak an not be reliably esti-
mated. At weak oupling we expet the predition of
a real delta-funtion with Fpeak → 0 to hold. Whether
at strong oupling low enough exitations an be gener-
ated to hange this remains to be answered. We stress
here again that the onlusions about the behavior of
W (minEk) as given in (58), whih was reported in Fig.
3 of Ref. 24, are found to be inorret as judged by the
present more areful interpretation of our DMFT-NRG
alulations.
VII. CONCLUSIONS
In this paper we have presented an analysis of the
ground state properties of the attrative Hubbard model
in the symmetry broken phase in the BCS-BEC rossover.
The emphasis has been on the evolution of spetral fun-
tions in the rossover regime. Our analysis is based on an
extension of the DMFT-NRG method to the ase with su-
peronduting symmetry breaking. We have given many
details of this extension in setion III and the appendix.
At half lling we have related our approah both for the
eetive impurity model and for the lattie quantities
to earlier DMFT-NRG alulations with antiferromag-
neti symmetry breaking. A good agreement has been
found there, whih validates the appliability of our ap-
proah. As emphasized in Ref. 24, apart from the attra-
tive Hubbard model the extended method an be useful
to study superondutivity in other models, suh as the
Hubbard-Holstein type, and also questions related to the
mirosopi desription of magneti impurities in super-
ondutors, whih require self-onsistent treatments.
We have disussed our DMFT-NRG results for stati
and integrated quantities, like the anomalous expetation
value, the double oupany or superuid stiness. The
results for these are in good agreement with earlier al-
ulations based on dierent impurity solvers, and it has
been found that most of the results are already obtained
qualitatively well on the mean eld level.
The main interest of this paper has been to study
the fermioni spetrum throughout the rossover regime.
The loal dynamis are very well desribed in our DMFT-
NRG approah. We disussed how the behavior of the dy-
nami self-energies hanges when the interation beomes
larger. At weak oupling the spetrum is dominated
by sharp symmetri Bogoliubov quasipartile peaks as
known from mean eld theory. Contributions from
partile-partile and partile-hole utuations inorpo-
rated in the dynami self-energies appear at higher en-
ergy and are small, similar to those seen in the IPT ap-
proah. However, when the loal interation is in the uni-
tary regime and larger, the imaginary part of the dynami
self-energy shows a harateristi feature whih gener-
ates a peak-dip-hump struture in the spetral funtion.
We argued that this features is likely to be generated by
harge utuations as seen in the loal dynami harge
suseptibility. One nds that spetral weight is trans-
ferred into the inoherent parts (hump) of the spetrum
on inreasing the oupling.
To answer the question whether at strong oupling the
fermioni quasipartiles aquire a nite width one needs
larify over whih region the imaginary parts of the self-
energies vanish. Unfortunately, our method, in whih
spetral funtions are obtained after broadening delta-
peaks, is not aurate enough at present to allow for def-
inite statements. It is possible that the peaks always
remain sharp in the limit of innite dimensions. Our
DMFT approah does not apture spatial utuations
and the gapless Goldstone mode. It would also be of
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great interest to study how suh eets give a modia-
tion of the disussed fermioni spetrum
48,49
and possibly
a suppression of the quasipartile peaks.
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APPENDIX A: NRG FORMALISM WITH
SUPERCONDUCTING SYMMETRY BREAKING
1. Mapping to the linear hain
The seond important step (ii) in the self-onsistent
NRG proedure is to map the disretized model (13) to
the so-alled linear hain model of the general form (28),
HAnd =
N∑
σ,n=0
εnf
†
n,σfn,σ +
N∑
σ,n=−1
βn(f
†
n,σfn+1,σ
+h.c.)−
N∑
n=0
∆n(f
†
n,↑f
†
n,↓ + fn,↓fn,↑). (A1)
The orthogonal transformation has been hosen in the
form (f. equation (31)),
fn,↑ =
∑
α,m
uα,nmaα,m,↑ − vα,nma†α,m,↓, (A2)
aα,m,↑ =
∑
n
uα,nmfn,↑ + vα,nmf
†
n,↓, (A3)
f †n,↓ =
∑
α,m
vα,nmaα,m,↑ + uα,nma
†
α,m,↓, (A4)
a†α,m,↓ =
∑
n
−vα,nmfn,↑ + uα,nmf †n,↓. (A5)
The matrix elements of the transformation obey the re-
lations∑
n
uα,nmuα′,nm′ + vα,nmvα′,nm′ = δm,m′δα,α′ ,
∑
m,α
uα,nmuα,n′m + vα,nmvα,n′m = δn,n′ ,
and ∑
m,α
uα,nmvα,n′m − vα,nmuα,n′m = 0,
∑
n
uα,nmvα′,nm′ − vα,nmuα′,nm′ = 0,
whih ensure that both operator sets satisfy anonial
antiommutation relations. We an now derive the re-
ursion relations for the matrix elements and the param-
eters. This is done in analogy to earlier work by Bulla
et al.
39
. We equate the representations for the media of
(13) and (A1) and substitute the operator transforma-
tion (A2)-(A5). One an then read o the oeients of
the fn,↑-operators (n > 0) on both sides of the equation,
whih yields∑
n′,α
ξαn′
(
uα,nn′a
†
α,n′,↑ + vα,nn′aα,n′,↓
)
+
∑
n′,α
δαn′
(
vα,nn′a
†
α,n′,↑ − uα,nn′aα,n′,↓
)
=
= εnf
†
n,↑ + βn−1f
†
n−1,↑ + βnf
†
n+1,↑ −∆nfn,↓.
From this we nd the expression (33) for εn by taking
the antiommutator with fn,↑. The antiommutator with
f †n,↓ gives expression (34) for ∆n. With the represen-
tations (A2)-(A5) we an modify the equation (A6) to
obtain
βnf
†
n+1,↑ =
∑
n′,α
[
(ξαn′ − εn)uα,nn′ + (δαn′ +∆n)vα,nn′
−βn−1uα,n−1n′
]
a†α,n′,↑
+
∑
n′,α
[
(∆n − δαn′)uα,nn′ + (ξαn′ + εn)vα,nn′ +
βn−1vα,n−1n′
]
aα,n′,↓.
By omparison with (31) we an read o a reursion re-
lation for uα,n+1n′ in equation (36) and for vα,n+1n′ as in
equation (37). The reursion relation for βn is obtained
from the antiommutator of with fn+1,↑ whih yields
β2n =
∑
n′,α
(u2α,n+1n′ + v
2
α,n+1n′).
With the orthonormality relations and the denitions εn
and ∆n we an nd the expression in equation (35).
2. Relevant Green's funtions
In this setion we briey outline some details for the
alulations of the relevant Green's funtions and the self-
energy for ompleteness.
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For the Green's funtions it is
onvenient to work in Nambu spae, C
†
d = (d
†
↑, d↓), with
2 × 2 matries. The relevant retarded Green's funtions
are then
Gd(ω) = 〈〈Cd;C†d〉〉ω =
(
〈〈d↑; d†↑〉〉ω 〈〈d↑; d↓〉〉ω
〈〈d†↓; d†↑〉〉ω 〈〈d†↓; d↓〉〉ω
)
.
(A6)
In the NRG approah we alulate G11 and G21 di-
retly and infer G22(ω) = −G11(−ω)∗, whih fol-
lows from GretA,B(ω) = −GadvB,A(−ω) and Gret/advA,B (ω) =
−Gret/adv
A†,B†
(−ω)∗ for fermioni operators A, B. Similarly,
we an nd G12(ω) = G21(−ω)∗. In the derivation one
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has to be areful and inlude a sign hange for up down
spin interhange in the orresponding operator ombina-
tion.
In the non-interating ase we an dedue the d-site
Green's funtion matrix of the model Hamiltonian (6)
exatly. To do so we rewrite the superonduting term
of the medium Hsc by introduing the vetor of operators
and the symmetri matrix
Ck :=
(
ck,↑
c†−k,↓
)
, Ak :=
(
εk −∆k
−∆k −εk
)
. (A7)
Then Hsc an be written as
Hsc =
∑
k
C
†
kAkCk. (A8)
The matrix Green's funtion in the superonduting bath
is then given by g
k
(iωn) = (iωn12 −Ak)−1,
g
k
(iωn)
−1 = iωn12 − εkτ3 +∆kτ1, (A9)
where τi are Pauli matries. It follows that
g
k
(iωn) =
iωn12 + εkτ3 −∆scτ1
(iωn)2 − (ε2k +∆2k)
. (A10)
In the non-interating ase for T = 0, we have therefore
G0d(ω)
−1 = ω12 − εdτ3 −
∑
k
V 2k τ3gk(iωn)τ3. (A11)
The loal full Green's funtion matrix Gd(ω)
−1
for the
eetive impurity model is given by the Dyson matrix
equation
Gd(ω)
−1 = G−10 (ω)− Σ(ω), (A12)
where Σ(ω) is the self-energy matrix.
3. Self-energy using the higher F -Green's funtion
As desribed by Bulla et al.
50
there is a method to
alulate the self-energy employing a higher F -Green's
funtion, and it an also be used for the ase with super-
onduting bath. The alulation taking into aount all
odiagonal terms yields the following matrix equation
G0d(ω)
−1Gd(ω)− UF (ω) = 12, (A13)
with the matrix of higher Green's funtions F (ω),
F (ω) =
(
F11(ω) F12(ω)
F21(ω) F22(ω)
)
. (A14)
We have introdued the matrix elements F11(ω) =
〈〈d↑n↓; d†↑〉〉ω , F12(ω) = 〈〈d↑n↓; d↓〉〉ω, F21(ω) =
−〈〈d†↓n↑; d†↑〉〉ω and F22(ω) = −〈〈d†↓n↑; d↓〉〉ω . In the NRG
we alulate F11 and F21 and the others follow from
F12(ω) = −F21(−ω)∗ and F22(ω) = F11(−ω)∗. We an
dene the self-energy matrix by
Σ(ω) = UF (ω)Gd(ω)
−1. (A15)
The properties of the Green's funtion and the higher F -
Green's funtion lead to the relations Σ12(ω) = Σ21(−ω)∗
and Σ22(ω) = −Σ11(−ω)∗ for the self-energies. We
an therefore alulate the diagonal self-energy Σ(ω) =
Σ11(ω) and the odiagonal self-energy Σ
off(ω) = Σ21(ω)
and dedue the other two matrix elements from them.
With the relation (A15) between G, F and Σ the Dyson
equation (A12) is reovered from (A13). Therefore, one
G and F are determined from the Lehmann represen-
tation the self-energy an be alulated from (A15) and
used in equations (10), (11) and (12).
APPENDIX B: MAPPING OF AFM AND SC
EFFECTIVE IMPURITY MODEL
In the DMFT alulations with antiferromagneti or-
dering the eetive impurity model an be given in the
following disrete form
HAFM =
∑
n,α,σ
ξαn,σa
†
α,n,σaα,n,σ +
∑
n,α,σ
γαn,σ(a
†
α,n,σdσ + h.c.)
where we have omitted the impurity term. Notie that
the parameters are σ-dependent. In this model the sub-
lattie magneti order is taken to be in the z-diretion,
whereas in the model with superonduting symmetry
breaking (13) it orresponds to a transverse diretion, x
or y. Therefore we rst perform a rotation in spin spae
aα,n,↑ → 1√
2
(aα,n,↑−aα,n,↓), aα,n,↓ → 1√
2
(aα,n,↑+aα,n,↓)
(B1)
and also for the d-operators. This yields
HAFM =
∑
n,α,σ
Lαna
†
α,n,σaα,n,σ +
∑
n,α,σ
V αn (a
†
α,n,σdσ + h.c.)
−
∑
n,α
Fαn (a
†
α,n,↑aα,n,↓ + a
†
α,n,↓aα,n,↑)
−
∑
n,α
Wαn (a
†
α,n,↑d↓ + a
†
α,n,↓d↑ + h.c.)
with
Lαn =
ξαn,↑ + ξ
α
n,↓
2
, V αn =
γαn,↑ + γ
α
n,↓
2
, (B2)
Fαn =
ξαn,↑ − ξαn,↓
2
, Wαn =
γαn,↑ − γαn,↓
2
.
Then we do a partile hole transformation for the down
spin similar to (38),
aα,n,↓ → a†−α,n,↓, d↓ → −d†↓. (B3)
16
This gives
HAFM =
∑
n,α
Lαn(a
†
α,n,↑aα,n,↑ + a−α,n,↑a
†
−α,n,↓)
+
∑
n,α
V αn (a
†
α,n,↑d↑ − a−α,n,↓d†↓ + h.c.)
−
∑
n,α
Fαn (a
†
α,n,↑a
†
−α,n,↓ + a−α,n,↓aα,n,↑)
−
∑
n,α
Wαn (−a†α,n,↑d†↓ + a−α,n,↓d↑ + h.c.)
So far we have made no assumption about the parameters
ξαn,σ, and γ
α
n,σ. In the usual sheme one has ξ
−α
n,σ = −ξαn,σ,
suh that L−αn = −Lαn. Hene the seond term in the
rst line is idential to the standard form apart from
an additional onstant, when we use the fermioni anti-
ommutation rules. In addition ξαn,↑ = ξ
α
n,↓ is normally
satised, suh that Fαn = 0. Therefore the term in the
third line, whih looks like the one for superonduting
symmetry breaking, vanishes. We fous on the half lling
ase where one additionally has γαn,↑ = γ
−α
n,↓ So the other
terms remain and one has a normal and an anomalous
hopping term,
HAFM =
∑
n,α,σ
Lαna
†
α,n,σaα,n,σ +
∑
n,α,σ
V αn (a
†
α,n,σdσ + h.c.)
+
∑
n,α
Wαn (a
†
α,n,↑d
†
↓ + d↑aα,n,↓ + h.c.)
One an then do a Bogoliubov transformation,
(
aα,n,↑
a†α,n,↓
)
=
(
un,α −vn,α
vn,α un,α
)(
bα,n,↑
b†α,n,↓
)
, (B4)
to obtain the desired Hamiltonian HscAnd in equation (13).
The matrix elements are determined by
u2n,α − v2n,α =
V αn
2 −Wαn 2
V αn
2 +Wαn
2
, un,αvn,α =
−V αn Wαn
V αn
2 +Wαn
2
.
(B5)
The parameters ξαn , γ
α
n , δ
α
n in (13) are related to the ones
in HAFM by
ξαn = (u
2
n,α − v2n,α)Lαn, γαn =
√
V αn
2 +Wαn
2, (B6)
δαn = −un,αvn,αLαn. (B7)
We ompared the numerial values obtained from the
proedure desribed in setion III for the SC ase with
the ones from earlier AFM alulations for half lling us-
ing the above relations. A reasonable agreement for the
two dierent alulations was found.
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